Abstract. In this work we investigate representations of the Poincaré group taking as the representation space the Hilbert space of thermofield dynamics, a real-time formalism developed in quantum field theory at finite temperature. We concentrate our study on those representations that give rise to the notion of phase space, with direct application in kinetic theory. As a result, we show an alternative way to derive a relativistic Boltzmann equation, based on the notion of a propagator defined in phase space. The quantum counterpart of the approach is discussed through the notion of the Wigner function.
Introduction
Thermal equilibrium properties of a quantum field can be analysed through the celebrated imaginary-time formalism, first proposed by Matsubara [1] . An algebraic counterpart of Matsubara's method is the so-called thermofield dynamics (TFD) [2, 3] , which is structurally based on the notion of vector space. In other words, operators in TFD are defined by a doubling of the degrees of freedom of the system, the tilde (or dual) conjugation rules. A Bogoliubov transformation then introduces thermal operators, keeping invariant the algebraic rules of the non-thermal operators, such that the thermal states are considered as condensed states.
Doubling procedures in thermal field theory have been recognized as a suitable amendment to treat temperature in a real-time formalism, providing, in addition, correct pertubative expansions (for a detailed account see [4] ). In particular, in TFD, doubling of the degrees of freedom is carried out on a solid algebraic basis [5, 6] , and consequently it has been explored in different ways, as for instance, to define thermal coherent and squeezing states [7, 8] , or still in association with structures of Hopf algebras [9, 10] . In the same context, Lie groups have been studied as for the case of SU (2) , furnishing spin models with interesting perturbative techniques [11] . Recently, the Galilei and Poincaré groups have been analysed [6, 12] , opening the possibility of dealing with kinetic theory from a group theoretical standpoint. This aspect is of interest in high-energy physics, where attempts to improve the kinetic theory have been undertaken in order to accommodate gauge symmetry [13, 14] .
On the other hand, in Galilean hydrodynamics theory and diffusion processes, a variety of studies have been undertaken using second-quantization methods but applied to (nonrelativistic) Liouville and transport equations [15] [16] [17] . Here, such methods are generalized to relativistic situations, starting with the TFD-representation theory to study the Poincaré-Lie algebra. Then, the relativistic kinetic theory is introduced through a Hilbert space. In this realm of representation, we use the notion of a propagator in the phase space to derive a Boltzmann-like equation. The non-relativistic limit of such an approach is achieved and the equivalent quantum formalism is discussed via the concept of Wigner density. This paper is organized as follows. In section 2 a résumé of TFD is presented focusing on algebraic aspects that will be explored in subsequent sections, as the concept of representation of Lie algebra based in the TFD Hilbert space. In section 3 representation of the Poincaré-Lie algebra is explored in such a context. As an application, a relativistic Boltzmann equation is derived in section 4, and the analysis of the non-relativistic limit is carried out. Quantum aspects of such a formalism are discussed in section 5, and in section 6 final remarks and conclusions are presented.
TFD and Lie algebras
In statistical mechanics, the canonical-Gibbs average of an operator A is given by
where β = 1/k B T , with k B being the Boltzmann constant, T the temperature, and H the Hamiltonian. TFD was motived by the fact that equation (1) can be written as [2, 3] 
where the thermal state |0(β) is a Hilbert space vector. An immediate advantage of such a procedure is that pertubative techniques can be developed in line with the zero-temperature formalism. Let us then see how this works in the case of bosons. In order to accomplish the goal of writing equation (1) in the bilinear form given by equation (2), a doubling in the boson operators is defined in the following sense. Considering a a bosonic operator, another bosonic operator, sayã, is introduced such that the tilde and non-tilde variables fullfil the following algebra:
This mapping of a →ã gives rise to a doubling in the Hilbert space of the original system, |φ → |φ,φ = |φ ⊗ |φ , characterized by
In this way, the state |0(β) is defined by
satisfying 0(β)|0(β) = 1 (at this point we have suppressed the mode index, k, for simplicity). For the particular case in which in equation (1) A = n = a † a, from equation (5) it results that
Therefore, in this context, the physical variables are described by non-tilde operators, whilst the tilde operators, up to now, play a role of auxiliary variables. A physical meaning for tilde variables, however, will be given in the next section when we analyse the TFD structure in connection with symmetry groups.
With such results, a way to recover the density matrix formalism is to observe that equation (5) can be written as
where
) and |1 = n |n,ñ . Following this scheme, the notion of the square root of the density matrix ρ 1/2 (see also [18, 19] ) is used to define physical states even for non-equilibrium conditions [20, 21] .
The results derived above can be written in a very suggestive and general form via a Bogolubov transformation introduced by
Using equation (7), the thermal state |0(β) is given by |0(β) = U(β)|0,0 . On the other hand, thermal operators are introduced by
It is a simple exercise to show that a(β) andã(β) satisfy the same algebraic relation as those given in equations (3) and (4), such that a(β)|0(β) =ã(β)|0(β) = 0. That is, the thermal state |0(β) is a vacuum for a(β) andã(β) (but not for a andã). As a result, the thermal vacuum average of a non-thermal operator is equivalent to the Gibbs canonical average in statistical physics. In order to treat infinite degrees of freedom, it is convenient to introduce a thermal doublet notation. That is, for an arbitrary operator A we define
Then, the algebraic rules for the thermal bosonic operators are written as [a
where a, b = 1, 2. The Bogoliubov transformation, equation (7), is therefore written as a 2 × 2 matrix,
such that equation (10) 
As an example of a system with infinite modes, consider the free Klein-Gordon field. In this situation, the way to recover the usual results is through the definition of the following Lagrangian:L
The two-points Green function is then defined by
Using the definition of B(k o ) given in equation (12), the components of G(k; β) ab read
At this point we can set forth rules for the construction of a general thermal theory. Let us denote by L T = {A, B, C, . . . ,Ã,B,C . . .} the set of dynamical variables in TFD defined in the Hilbert space H with elements | = |φ,φ . The action of generic operators A andÃ on | is specified by
where here the operator A is defined in the usual Hilbert space, H, with |φ ∈ H. Therefore, the Hilbert space in TFD, H, is given by (14) and (15) 
For proposals of physical interpretation, this algebra can be rewritten by the introduction of a (hat-) mapping, sayˆ:
Note that this Lie algebra, to be denoted by g T , as a vector space is given by g T = g ⊕ĝ, where g(ĝ) is a sub-vector space of g T given by the non-hat (hat) operators.
Some aspects of g T have been studied in connection with relativistic kinetic theories [6, 12] . Here, however, we explore representations of the normal group given by the invariant subgroup defined by the non-hat operators, that is, we study the normal algebra n(g) = g T /g in the case of Poincaré symmetries. Then we show how to build up the (classical and quantum) relativistic kinetic theory in a unified way using the notion of Lie group representation.
Representations of the Poincaré group in H
The g T Poincaré-Lie algebra, which will be denoted by p T , is given by [12] [
[
where the metric tensor is such that diag(g µν ) = (1, −1, −1, −1), and g µν = 0 for µ = ν where µ, ν = 0, 1, 2, 3. As for the general case of g T , as a vector space p T = p ⊕p, where p(p) is a sub-vector space of p T given by the non-hat (hat) operators. Furthermore, using standard methods of group theory [22] , the normal algebra n(p) = p T /p is given by
all the other commutation relations are null. A similar kind of Lie algebra was studied, for instance, by Gulmanelli [23] , but was fully based on the adjoint representation of classical mechanics. This is not the case here where we are interested in general unitary representations. Three invariants of n(p) are immediately identified as
Since that the non-hat operators form an invariant Abelian algebra, we can take such operators and the invariants I 1 , I 2 , I 3 to build a Hilbert space frame. In order to do so, we first note that
Therefore, we can view P σ and M σρ as natural candidates for describing linear and angular momentum, respectively. On the other hand,P µ andM µν can be taken as the generators of translations and rotations, respectively. That this interpretation is consistent can be verified, for instance, from equation (34) which establishes that under rotations the linear momentum is transformed as a 4-vector. This interpretative aspect is a direct consequence of the fact that the algebra of the non-hat operators is an invariant subalgebra of n(p). Now we assume the existence of a Hilbert space H(n(p)) on which the elements of n(p) are defined and introduce a non-hat operator, say Q µ , through the condition
where α σ is a constant. So doing, the operator Q µ describes positions. Therefore, a (phasespace) frame for the Hilbert space H(n(p)) can be introduced since [P , Q] = 0. Let us thus define |q, p ∈ H(n(p)) such that P |q, p = p|q, p , Q|q, p = q|q, p , with q and p being real 4-vectors, and q, p|φ = φ(q, p) being an L 2 (Lebesgue)-type function, that is |φ(q, p)| 2 dq dp < ∞. This last condition is used to impose the normalization condition. In this way, we obtain a unitary representation for n(p) writing
A general association between a hat and a non-hat operator, consistent with equations (35)-(37), is thus introduced. Considering an arbitrary function of the phase space, say A(q, p), then we have two mappings, (i) c: A(q, p) , giving rise to c-number operators, and (ii)ˆ: pA(q, p) ), where α and β are constants. In the case in which α = 1 and β = 0 the association is such that A →Â = i{A(q, p), ·}, where {·, ·} is the Poisson bracket. In this situation, we have
where γ is a constant. This result is useful to derive another set of Casimir invariants of n(p).
ε µνσρ M νσ P ρ , the Pauli-Lubanski vector, we find the following invariants:
Hence, we can write equations (35) and (36) respectively as: M µν → J µν = M µν + S µν andM µν →Ĵ µν =M µν +Ŝ µν , where the variables S µν andŜ µν are related to the spinorial index of the representation, which will be taken here as zero (scalar representations).
We assume that the average of a one-body diagonal operator is given by Ā = φ|Ā|φ = dq dp dq dp φ|q, p q, p|Ā|q , p q , p |φ = dq dp dq dp φ
where the notationĀ stands for either a c-number operator, A, or a hat operator,Â. IfĀ = A, then the average of A reduces to A = dq dp f (q, p)A(q, p), where f (q, p) = |φ(q, p)| 2 .
Let us now write down an equation of motion for φ(q, p). According to the Schur's lemma [22] , the invariant I 3 , given in equation (31), has a fixed value in this phase-space representation. Then, considering I 3 = 0, from equation (37) we write
which is a collisionless transport equation, also furnished by the positive-defined real quantity f (q, p). Then we can interpret φ(q, p) as a probability amplitude in phase space and f (q, p) as a (classical) probability density. In order to complete the physical interpretation of this formalism, as well as for practical considerations, let us define the tensor In addition, as we can verify by direct calculation, these operators provide another representation for the algebra n(p). This fact indicates a quantum theory. There is, however, a connection between the operators given in equation (37) 
This result suggests that we can try to build a quantum formalism by a proper physical reinterpretation of the representations for n(p). In this way, note first that the meaning of φ(q, p) = qp|φ as a classical amplitude in phase was possible due to our interpretation of Q and P , which commute with each other, as the position and momentum observables, respectively. In the sense of a quantum theory, looking for non-commutant observables, we have, however, other possibilities for the momentum and position operators. For instance, in equation (37), Q andP transform as position and momentum, but now these operators do not commute with each other, that is [Q µ ,P ν , ] = ig µν . Despite the interpretation and because of the transformation properties, the operators Q and P can always be taken to define a phasespace basis of the Hilbert space. As a consequence, we can conjecture that equation (39) 
Therefore, the method developed here provides a scheme to derive the Wigner density directly from group theory. It is worthwhile noting that following the TFD construction presented in section 2 (and also in Bohm and Hiley [18] and Holland [19] ), φ(q, p) in equation (39) can in turn be interpreted as a kind of square root of the Wigner function. In our context this means that we consider |ψ ⊗ ψ| as a vector in the TFD Hilbert space, such that according to equation (6) , |ψ ⊗ ψ| → |ψ ⊗ |ψ = |ψ,ψ = ρ 1/2 |1 .
Concluding remarks
Summarizing, in this work we have analysed representations of the Poincaré group taking as the representation space the Hilbert space introduced in thermofield dynamics. From algebraic ingredients, we could recognize representations giving rise to classical kinetic theory in relativistic phase space, but based on the wavefunction notion. This was used to show how it is possible to derive a Boltzmann equation but using the notion of a propagator. Therefore, to relativistic situations we have generalized the Galilean classical approaches based on phasespace wavefunctions and second-quantization methods. In addition, we have shown that, for classical systems, a class of operators in n(p) must be considered only as generators of transformation symmetries (as is the case of the operator P in equation (37)), while in a quantum approach in phase space, such a class is supposed to be interpreted but in association to observables. Moreover, equation (39) is a van Hove flow, since the invariant p µ ∂ µ is written in terms of a linear combination the operators P andP given in equation (43), that is p µ ∂ µ = P 2 /2 − PP . The association of φ(q, p) with the Wigner function is given in equation (48).
